Inter-universal entanglement may even exist in a multiverse in which there is no common spacetime among the universes. In particular, the entanglement between the expanding and contracting branches of the universe might have observable consequences in the dynamical and thermodynamical properties of one single branch, making therefore testable the whole multiverse proposal, at least in principle.
I. INTRODUCTION
Entanglement is a quantum feature that provides us with a wide new variety of physical phenomena to be explored in cosmology too. Quantum entanglement among the modes of cosmic matter fields in a single-universe scenario shifts their ground state, having therefore distinguishable consequences in the energy levels [1] [2] [3] , at least in principle.
In some multiverse scenarios, particularly those in which the universes share a common space-time [4] , the modes of the matter fields that belong to different universes could be entangled and it may thus induce observable imprints of the multiverse in a single universe [5, 6] .
There is yet another multiverse scenario in which the universes share no common space-time [4, 7, 8] . In such multiverse the universes are completely disconnected from the point of view of the causal relations among the events that belong to different universes. Even though, quantum entanglement between the state of two or more universes might have observable consequences too [9] .
It is a challenging question how can entanglement be produced between two otherwise disconnected universes. In quantum mechanics, quantum entanglement between the state of two distant particles is present because at some previous time the two particles were interacting. More generally speaking, they formed part of a nonseparable state that is preserved besides the later distance between the particles.
A multiverse scenario in which the different universes share no common space-time surely challenges our most fundamental notions in physics. In such a scenario, the universes may interact as the result of a residual interacting term from some dimensional reduction or compactification in a multi-dimensional theory. It can also be the result of a common origin in a classically forbidden region that may give rise to a pair of entangled universes [1, 9] , or because a cosmic singularity splits the whole space-time manifold into two disconnected regions like it happens in a phantom dominated universe [10] . In any case, if the interaction among universes cannot be depicted in a common space-time, then, it becomes meaningless asking whether the universes interacted before or will interact after some given time, t.
For instance, it might well be that the universes could be created in entangled pairs from the Euclidean region of the space-time [1, 9] . In that case, the quantum state of one single universe, i.e. the state that is obtained by tracing out the degrees of freedom of the partner universe, would depend on the properties of the other universe of the entangled pair because their properties are correlated from the very beginning. Thus, the entanglement between two or more universes provides us with a tool for testing the multiverse proposal, at least in principle.
In this letter, we present a developing description of the quantum entanglement among universes in the case of a multiverse in which there is no common space-time among the universes. In Sec. II, we address some general questions about the representation of universes in the third quantization formalism and its relation to the boundary conditions to be imposed on the state of the whole multiverse. In Sec. III, we analyze a possible scenario where inter-universal entanglement is contemplated and it is computed the thermodynamical magnitudes of entanglement. Finally, we draw some preliminary conclusions in Sec. IV.
II. QUANTUM STATE OF THE MULTIVERSE IN THE THIRD QUANTIZATION FORMALISM
The basic idea of the third quantization formalism is to consider the Wheeler-deWitt equation as a Klein-Gordon equation [11, 12] and the wave function of the universe as the field to be quantized that propagates in the superspace. Thus, the state of the multiverse could be described within the general formalism of a quantum field theory of the superspace. Unfortunately, such an appealing approach can be properly defined only in minisuperspace models with a high degree of symmetry like the one that corresponds to a homogeneous and isotropic spacetime. Nevertheless, a homogeneous and isotropic spacetime is a well approximation for the description of the large parent universes that will populate our multiverse so we can certainly make use of the third quantization formalism.
The parallelism between the third quantization formalism and a quantum field theory has nevertheless obvious limits. For instance, the appropriate representation of particles in a quantum field theory is given, whenever it is possible, by the representation of particles that would be measured by a detector placed in an asymptotically flat region of the space-time, where particles can be welldefined.
In the multiverse, however, an observer can only perceive her own single universe which, on the other hand, may stay in an excited state rather than in the ground state [13] . Such an excited state would quantum mechanically be described by a quantum number, |n , that by no means can be identified with a 'number of universes' from the point of view of an internal observer. That concept would only become meaningful for an idealized 'super-observer', i.e. a detector that would live in the multiverse and that could thus measure different number of universes.
In the case being considered here, such a hypothetical detector would not be defined in any space-time but in a more general abstract space where spatial and temporal relations are meaningless. In that case, the number of universes of the multiverse would presumably be a property that should not depend on the spatial or temporal properties of a particular single universe. It seems therefore appropriate to impose the boundary condition that the number of universes of the multiverse does not depend on the value of the scale factor of a particular single universe, at least from the point of view of the 'superobserver'. This boundary condition restricts the possible representations of universes in the multiverse to the set of invariant representations [14, 15] under the change of a generic value of the scale factor, which plays the role of an intrinsic time variable in the multiverse. It has not to be confused with a time variable measurable by the clock of any observer who lives within a single universe. It is just the geometrical structure of the minisuperspace being considered that allows us to take the scale factor as the intrinsic time-like variable of the minisuperspace [11, 12] . The relationship between the multiverse and the arrow of time of a single universe, if any, should be analyzed a-posteriori.
We arrive then at two significant representations: the 'invariant representation', which is the representation induced by a consistent boundary condition imposed on the state of the whole multiverse; and the 'asymptotic representation', which labels the excitation levels of a large parent universe from the point of view of an observer inhabiting it.
III. THERMODYNAMICS OF ENTANGLEMENT IN THE MULTIVERSE
Specifically, let us consider a closed homogeneous and isotropic space-time endorsed with a cosmological constant, Λ, and a massless scalar field, ϕ, that would represent in a first approximation the matter content of the universe. In the third quantization formalism the wave function of the universe, φ ≡ φ(a, ϕ), can be decomposed
where, M(a) ≡ a p depends on the choice of factor ordering (the customary choice [17] corresponds to the value p = 1), the dot means the derivative with respect to the scale factor, a, and
The invariant representations of the harmonic oscillator are well-known [14, 15] . They are described in terms of creation and annihilation operators,b † k ≡b † k (a) and b k ≡b k (a), which are invariant under the action of the Hamiltonian that gives rise to Eq. (1) through an appropriate generalization of the Heisenberg equations. Here, it corresponds to the Hamiltonian of a harmonic oscillator with mass M(a) and frequency ω k (a). As it is also well-known, the different representations of the harmonic oscillator are related to each other by a squeezed transformation [18] . The invariant operators,b † k andb k , are thus related to the creation and annihilation operators of the asymptotic representation,ĉ † k andĉ k , that correspond to the ladder operators of the excited levels of the universe as being perceived by an internal observer, i.e. b k = α kĉk + β kĉ † k , with |α k | 2 − |β k | 2 = 1. Let us assume that the multiverse stays in the ground state of the 'super-observer' representation, | (b) 0 k,−k , of a particular single mode k. It can be written in the 'observer' representation, | (c) n k , n −k , as [19] 
where the − and + signs of the k-modes correspond here to the contracting and expanding branches of the universe [9] , respectively. The density matrix that represents the composite quantum state is then given by
and the reduced density matrix that represents the quantum state of one single branch of the universe by [9, 16] 
with, Z = |α k ||β k |. Eq. (4) describes a thermal state with a generalized temperature,
2(ln |α k |−ln |β k |) > 0, that depends on the value of the scale factor. It is now straightforward to compute the thermodynamical magnitudes [20] associated to the thermal state (4). However, we should notice that these are thermodynamical magnitudes of entanglement in a multiverse scenario that parallels but generalizes the spacetime scenario in which the customary magnitudes of classical thermodynamics are formulated. It may be therefore not surprising that the mean value of the Hamiltonian
2 ) does not correspond to the value of the energy density of one single universe, ε(a), which is effectively given by Eq. (2), with a 4 ε(a) = ω 2 k (a) [let us recall that classically, ω k (a) ≡ a∂ t a, where t is the cosmic time]. The mean value,
with, n k ≡ |β k | 2 . Then, the entanglement between two universes would presumably contribute to the gravitational energy density of a single universe with a new term in Eq. (2) that would account for the relation (5) and, in principle, it ought to have observable consequences on the dynamical and thermodynamical properties of that universe. It is expected, however, that the effect of interuniversal entanglement is too small except may be for the very early stage of the universe, where the effect is stronger [8, 21] .
The entropy of entanglement, S ent , given by the vonNeumann formula applied to the density matrix (4), turns out to be a decreasing function with respect to an increasing value of the scale factor [9, 21] . However, the second principle of thermodynamics is still satisfied because the evolution of each single universe is not adiabatic, in the quantum informational sense, and the heat decreases as the universe expands. More exactly, the production of entropy σ, defined as [20] σ ≡ dS ent − δQ T , is zero and
It is worth noticing that, dS ent = δQ T > 0, for the contracting branch of the universe. These results do not contradict those previously obtained in Refs. [22] [23] [24] [25] because we are dealing here with the entropy of entanglement that, in principle, it is completely different from the entropy that corresponds to the inhomogeneous degrees of freedom of the matter fields of the universe. In the context of the multiverse the universe needs not to be a closed system and, indeed, the expansion or the contraction of the universe is not an adiabatic processes in the model being considered here (in the quantum informational sense) because there is a change of the rate of entanglement between the two universes of the entangled pair. That is to say, the second principle of thermodynamics, σ ≥ 0, is here satisfied for both the expanding and the contracting branches of the universe because [16, 21, 26] , σ = 0. The relation that may exist, if any, between the entropy of entanglement among universal states and the entropy that corresponds to the inhomogeneous degrees of freedom of the matter fields within a single universe scenario is a subject that deserves a deeper understanding of both the inter-universal entanglement and the relation between the classical formulation of thermodynamics and the thermodynamics of entanglement [27, 28] .
IV. CONCLUSIONS
Entanglement in a multiverse scenario is a novel feature that provides us with new cosmic phenomena to be explore. Furthermore, it might have observable and distinguishable consequences in the properties of our single universe and, thus, it might supply us with a way to test the whole multiverse proposal, at least in principle.
In this communication, we have presented a developing description of quantum entanglement in the context of a multiverse in which there is no common space-time among the universes of the multiverse. They are therefore causally disconnected from a classical point of view although their composite state may still show quantum correlations. Two significant representations have been considered: the 'invariant representation', which is derived from the boundary condition imposed on the state of the whole multiverse, and the 'asymptotic representation' that describes the universe as it would be seen by an internal observer. They are both related by a Bogolyubov transformation and the quantum state of one single branch of an entangled pair of branches of the universe, one expanding branch and one contracting branch, turns out to be described by a thermal state with a value of the generalized temperature that depends on the scale factor.
The thermodynamical properties of entanglement can then be computed. The energy of entanglement should contribute to the energy content of each single universe, making therefore testable the multiverse proposal. However, it is still left the development of a well-defined relationship between the energy of inter-universal entanglement and the energy density of each single universe.
That would allow us to analyze the observable consequences and to pose measurable tests.
The entropy of entanglement turns out to be a decreasing function with respect to an increasing value of the scale factor. However, the second principle of thermodynamics is still satisfied because the expansion or contraction of the universe is not an adiabatic process, in the quantum informational sense, and there is a change in the rate of entanglement as the universe expands or contracts. In the contracting branch the entropy of entanglement increases as the universe collapses. It would seem to be a result that supports other previous results [22] [23] [24] [25] . However, it is not clear at all the relation that may exist, if any, between the the entropy of inter-universal entanglement and the entropy that corresponds to the inhomogeneous modes of the matter fields of a single universe. This is a subject that deserves further attention.
